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Lecture 18 – Summary 

Learning Objectives 

1. Phasor representation of harmonic 
functions 

2. Phasor representation of circuit problems in 
sinusoidal regime  

 

In Canvas Module Week 7 

• Trigonometry Identities Table 

• Table of Trig function values at special angles 2 
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Examples:  

4) Express in polar form      𝒛 =
𝟏−𝐣𝟏

𝟏+𝐣𝟏
 

 

Amplitude    𝒓 = 𝒛 =
𝟏−𝐣𝟏

𝟏+𝐣𝟏
=

𝟐

𝟐
= 𝟏  

 

Phase  𝜽 = ∠ 𝒛 = ∠ 𝟏 − 𝐣𝟏 − ∠ 𝟏 + 𝐣𝟏 = 
 

= −
𝝅

𝟒
−

𝝅

𝟒
= −

𝝅

𝟐
 

 
 

Polar form  𝒛 = 𝟏 𝒆 −𝐣 
𝝅

𝟐 
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Ratio of complex numbers 
 

𝒛 =
𝒂 + 𝐣𝒃

𝒄 + 𝐣𝒅
=
𝒓𝟏𝒆

𝐣𝜽𝟏

𝒓𝟐𝒆
𝐣𝜽𝟐

=
𝒓𝟏
𝒓𝟐

𝒆𝐣 𝜽𝟏−𝜽𝟐  

 

𝒛 =
𝒛𝟏
𝒛𝟐

                      ∠ 𝒛 = ∠ 𝒛𝟏 − ∠ 𝒛𝟐 

 

You can also rationalize to make denominator real 
  

𝒛 =
𝒂 + 𝐣𝒃

𝒄 + 𝐣𝒅
=

𝒂 + 𝐣𝒃 𝒄 − 𝐣𝒅

𝒄 + 𝐣𝒅 𝒄 − 𝐣𝒅
 

 

=
𝒂𝒄 + 𝒃𝒅 + 𝐣(𝒃𝒄 − 𝒂𝒅)

𝒄𝟐 + 𝒅𝟐
 

 

=
𝒂𝒄 + 𝒃𝒅

𝒄𝟐 + 𝒅𝟐
+ 𝐣

 (𝒃𝒄 − 𝒂𝒅)

𝒄𝟐 + 𝒅𝟐
 



5 

Going back to  example 4) 
 

𝒛 =
𝟏 − 𝐣𝟏

𝟏 + 𝐣𝟏
=
𝟏 − 𝐣𝟏

𝟏 + 𝐣𝟏
×
𝟏 − 𝐣𝟏

𝟏 − 𝐣𝟏
 

 

Amplitude    𝒓 = 𝟏  
Phase   𝜽 = −

𝝅

𝟐
 

Polar form  𝒛 = 𝟏 𝒆 −𝐣 
𝝅

𝟐 

= 𝟏 

complex conjugate 𝟏 + 𝒋𝟏 𝟏 − 𝒋𝟏 = 𝟐 

𝒛 =
𝟏 − 𝐣𝟐 + ( 𝐣𝟐)

𝟐
=
𝟏 − 𝟏 − 𝐣𝟐

𝟐
= −𝐣 

= −𝟏 
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Examples:  
5) Express  in Cartesian (rectangular) form: 

𝒛 = 𝟑 𝒆−𝐣
𝝅
𝟔 = 𝟑 𝐜𝐨𝐬 −

𝝅

𝟔
+ 𝐣 𝐬𝐢𝐧 −

𝝅

𝟔
 

 

𝒛 = 𝟑
𝟑

𝟐
+ 𝐣 −

𝟏

𝟐
 

 

𝒛 =
𝟑 𝟑

𝟐
− 𝐣

𝟑

𝟐
 

𝒛 = 𝟑 𝒆−𝐣
𝝅

𝟔   
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Examples:  
6) Express in Cartesian (rectangular) form: 

𝒛 = 𝟑 𝒆𝐣
𝝅
𝟔 + 𝟑 𝒆−𝐣

𝝅
𝟔  

 

𝒛 = 𝟑 𝐜𝐨𝐬
𝝅

𝟔
+ 𝐣 𝐬𝐢𝐧

𝝅

𝟔
+ 𝟑 𝐜𝐨𝐬 −

𝝅

𝟔
+ 𝐣 𝐬𝐢𝐧 −

𝝅

𝟔
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Examples:  
6) Express in Cartesian (rectangular) form: 

𝒛 = 𝟑 𝒆𝐣
𝝅
𝟔 + 𝟑 𝒆−𝐣

𝝅
𝟔  

 

𝒛 = 𝟑 𝐜𝐨𝐬
𝝅

𝟔
+ 𝐣 𝐬𝐢𝐧

𝝅

𝟔
+ 𝟑 𝐜𝐨𝐬 −

𝝅

𝟔
+ 𝐣 𝐬𝐢𝐧 −

𝝅

𝟔
 

 

𝒛 = 𝟑
𝟑

𝟐
+ 𝐣

𝟏

𝟐
+ 𝟑

𝟑

𝟐
+ 𝐣 −

𝟏

𝟐
 

 

𝒛 =
𝟑 𝟑

𝟐
+
𝟑 𝟑

𝟐
+ 𝐣

𝟑

𝟐
− 𝐣

𝟑

𝟐
= 𝟑 𝟑 − 𝐣𝟎 
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Examples:  
7) Express in polar form 𝒛 =

−𝟏 + 𝐣 𝟓

𝟏 + 𝐣
 

−𝟏 + 𝐣 = 𝟐 𝒆 𝐣 
𝟑𝝅
𝟒  

As found earlier 

𝟏 + 𝐣 = 𝟐 𝒆 𝐣 
𝝅
𝟒  

−𝟏 + 𝐣 𝟓 = 𝟐
𝟓
 𝒆 𝐣 𝟓 

𝟑𝝅
𝟒 = 𝟒 𝟐𝒆 𝐣 

𝟏𝟓𝝅
𝟒  
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Examples:  
7) Express in polar form 

𝒛 =
𝟒 𝟐𝒆 𝐣 

𝟏𝟓𝝅
𝟒

𝟐 𝒆 𝐣 
𝝅
𝟒

= 𝟒𝒆 𝐣 
𝟏𝟒𝝅
𝟒 = 𝟒𝒆 𝐣 

𝟕𝝅
𝟐  

𝒛 =
−𝟏 + 𝐣 𝟓

𝟏 + 𝐣
 

−𝟏 + 𝐣 = 𝟐 𝒆 𝐣 
𝟑𝝅
𝟒  

As found earlier 

−𝟏 + 𝐣 𝟓 = 𝟐
𝟓
 𝒆 𝐣 𝟓 

𝟑𝝅
𝟒 = 𝟒 𝟐𝒆 𝐣 

𝟏𝟓𝝅
𝟒  

𝟏 + 𝐣 = 𝟐 𝒆 𝐣 
𝝅
𝟒  

𝒛 = 𝟒𝒆
𝐣 𝟐𝝅+

𝟑𝝅
𝟐 = 𝟒  𝒆𝐣𝟐𝝅  𝒆 𝐣

𝟑𝝅
𝟐 = 𝟒𝒆 𝐣

𝟑𝝅
𝟐  

=1 
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In engineering problems, the following identities are 
often useful for mathematical manipulations: 
 

𝐣 = 𝐞𝐱𝐩 𝐣
𝝅

𝟐
             − 𝐣 = 𝐞𝐱𝐩 −𝐣

𝝅

𝟐
 

 
 

The relations linking exponentials to trigonometric 
functions of complex variables are also widely used: 
 

𝐜𝐨𝐬(𝒛) =
𝐞𝐱𝐩  𝐣 𝒛 + 𝐞𝐱𝐩  −𝐣 𝒛

𝟐
 

 

𝐬𝐢𝐧(𝒛) =
𝐞𝐱𝐩  𝐣 𝒛 − 𝐞𝐱𝐩  −𝐣 𝒛

𝟐𝒊
 

  

These result from Euler’s identities 
 

𝐞𝐱𝐩 ± 𝐣 𝒛 = 𝐜𝐨𝐬 𝒛 ± 𝐣 𝐬𝐢𝐧(𝒛) 
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When time-harmonic functions are considered, it is 
possible to simplify the analysis of engineering 
systems by using complex representation.  
 

Example of time-harmonic function: 
 

𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽) 
 

 
 
 
 

Amplitude 
Angular frequency 

𝝎 = 𝟐𝝅𝒇 
phase 



13 

When time-harmonic functions are considered, it is 
possible to simplify the analysis of engineering 
systems by using complex representation.  
 

Example of time-harmonic function: 
 

𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽) 
 

 
 
 
 

By invoking Euler’s identity, we can write 
 

𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽 = 
 

 

Amplitude 
Angular frequency 

𝝎 = 𝟐𝝅𝒇 
phase 
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When time-harmonic functions are considered, it is 
possible to simplify the analysis of engineering 
systems by using complex representation.  
 

Example of time-harmonic function: 
 

𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽) 
 

 
 
 
 

By invoking Euler’s identity, we can write 
 

𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽 = 
 

= ℜ𝒆 𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽 + 𝐣 𝑨 𝐬𝐢𝐧 𝝎𝒕 + 𝜽  
 

 

Amplitude 
Angular frequency 

𝝎 = 𝟐𝝅𝒇 
phase 
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When time-harmonic functions are considered, it is 
possible to simplify the analysis of engineering 
systems by using complex representation.  
 

Example of time-harmonic function: 
 

𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽) 
 

 
 
 
 

By invoking Euler’s identity, we can write 
 

𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽 = 
 

= ℜ𝒆 𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽 + 𝐣 𝑨 𝐬𝐢𝐧 𝝎𝒕 + 𝜽  
 

= ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽   

Amplitude 
Angular frequency 

𝝎 = 𝟐𝝅𝒇 
phase 
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For unambiguous treatment of phasors, 𝑨 
must be a magnitude (a positive value). 
 

A negative value contains a hidden phase! 

− 𝑨  𝐜𝐨𝐬 (𝝎𝒕 + 𝜽) 

±𝝅  𝐨𝐫 ± 𝟏𝟖𝟎° PHASE SHIFT 

− 𝑨  𝐜𝐨𝐬 𝝎𝒕 + 𝜽  
 

= 𝑨  𝐜𝐨𝐬 𝝎𝒕 + 𝜽 ± 𝝅  
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𝑨 𝐜𝐨𝐬 (𝝎𝒕) 

𝑨 = 𝟒 𝜽 = 𝟎 

𝒕 [𝐬] 

𝝎 = 𝟓 𝐫𝐚𝐝 𝐬  
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𝑨 𝐜𝐨𝐬 (𝝎𝒕 − 𝝅 𝟑 ) 

𝑨 = 𝟒 𝜽 = −𝝅 𝟑  𝝎 = 𝟓 𝐫𝐚𝐝 𝐬  

𝒕 [𝐬] 
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𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝝅 𝟑 ) 

𝑨 = 𝟒 𝜽 = 𝝅 𝟑  𝝎 = 𝟓 𝐫𝐚𝐝 𝐬  

𝒕 [𝐬] 
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−𝑨 𝐜𝐨𝐬 (𝝎𝒕 + 𝝅 𝟑 ) 

𝑨 = 𝟒 𝜽 = 𝝅 𝟑 ± 𝝅 

𝒕 [𝐬] 

𝝎 = 𝟓 𝐫𝐚𝐝 𝐬  
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Now we are going to use the properties of the 
exponentials to split frequency from phase: 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽  = 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 𝐞𝐱𝐩  𝐣𝜽 = 
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Now we are going to use the properties of the 
exponentials to split frequency from phase: 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽  = 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 𝐞𝐱𝐩  𝐣𝜽 = 
 

ℜ𝒆   𝑨 𝐞𝐱𝐩  𝐣𝜽   𝐞𝐱𝐩  𝐣𝝎𝒕  

phasor of the 
time-harmonic 

function 
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Now we are going to use the properties of the 
exponentials to split frequency from phase: 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽  = 
 

ℜ𝒆 𝑨 𝐞𝐱𝐩  𝐣𝝎𝒕 𝐞𝐱𝐩  𝐣𝜽 = 
 

ℜ𝒆   𝑨 𝐞𝐱𝐩  𝐣𝜽   𝐞𝐱𝐩  𝐣𝝎𝒕  

phasor of the 
time-harmonic 

function 

The “phasor” contains the essential information on 
amplitude and phase.  
 

For a known frequency 𝝎, 𝑨 𝐞𝐱𝐩 𝐣𝜽  characterizes 
completely  𝑨 𝐜𝐨𝐬 𝝎𝒕 + 𝜽  . 
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Why do we actually map the (Amplitude, Phase) pair 
into the complex plane?  Because we can use the 
powerful vector algebra of complex numbers to 
perform all kinds of mathematical manipulations.      

Complex numbers are actually 
“vectors” in the complex plane 

ℜ𝑒 

ℑ𝑚 

𝒓 𝜽 
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We have reviewed that complex numbers can be 
represented in Cartesian (rectangular) form 
 

𝒛 = 𝒂 + 𝐣𝒃 

or in polar form 
 

𝒛 = 𝒓 𝐞𝐱𝐩  𝐣 𝜽 = 𝒓 𝐜𝐨𝐬 𝜽 + 𝐣 𝒓 𝐬𝐢𝐧(𝜽)  
 

We wish to use complex functions to represent circuits 
driven by sinusoidal inputs at specific frequencies. 
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We have reviewed that complex numbers can be 
represented in Cartesian (rectangular) form 
 

𝒛 = 𝒂 + 𝐣𝒃 

or in polar form 
 

𝒛 = 𝒓 𝐞𝐱𝐩  𝐣 𝜽 = 𝒓 𝐜𝐨𝐬 𝜽 + 𝐣 𝒓 𝐬𝐢𝐧(𝜽)  
 

We wish to use complex functions to represent circuits 
driven by sinusoidal inputs at specific frequencies. 
 
Objection:  We already have trigonometry to represent 
sinusoidal functions. Why should we introduce 
additional complications? 
 

Let’s revisit again the steps needed to solve a simple circuit 
example shown in Lecture 16. 
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𝑹 

𝑪 

𝒊𝑪 𝒕  

+ 

_ 
𝒗𝑪(𝒕) 𝒗𝑺(𝒕) 

𝐒𝟏 

𝒕 ≥ 𝟎+ 

𝑑

𝑑𝑡
𝑣𝐶 𝑡 + 𝑣𝐶 𝑡 = cos 𝑡  

𝑅𝐶 = 1s 𝑣𝑆(𝑡) = cos (𝑡) 

𝑣𝐶(𝑡 = 0−) = 0V Differential equation: 

From Lectures 16 & 17  

𝑉𝐶 𝑡 = −
𝑒−𝑡

2
+ 

1

2
cos 𝑡 −

𝜋

4
 

Solution: 



−
𝑒−𝑡

2
+ 

1

2
cos 𝑡 −

𝜋

4
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−
𝑒−𝑡

2
 

1

2
cos 𝑡 −

𝜋

4
 

Transient  ≈ Steady-state 
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𝑉𝐶 𝑡 = −
𝑒−𝑡

2
+ 

1

2
cos 𝑡 −

𝜋

4
 

Transient 
component 

For sufficiently long time, the solution is consisting 
only of the steady-state component 

Steady-state  
component 

𝑉𝐶 𝑡 ≈  
1

2
cos 𝑡 −

𝜋

4
 

𝑣𝑆(𝑡) = cos (𝑡) 

Recall that the input was: 
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In many engineering problems of practical importance, 
we only need to find the steady-state response of the 
system for sinusoidal (single-frequency) input 

𝑽𝒊𝒏 = 𝑨𝒊𝒏 𝐜𝐨𝐬 𝝎𝒕 − 𝜽𝒊𝒏  

𝑽𝒐𝒖𝒕 = 𝑨𝒐𝒖𝒕 𝐜𝐨𝐬 𝝎𝒕 − 𝜽𝒐𝒖𝒕  

Linear System 



31 

Consider a time-harmonic co-sinusoidal function: 
 

𝐕 𝐭 = 𝐕𝐦 𝐜𝐨𝐬 (𝝎𝟎𝒕) 
 

0 𝜋 2𝜋 3𝜋 4𝜋 

𝝓 = 𝝎𝟎𝒕 

𝝎𝟎 = 𝟐𝝅 𝒇  [rad/s] 

𝐕𝒎 

A vector with magnitude 𝐕𝒎 and rotating at frequency 𝝎𝟎 describes the 
evolution of a harmonic function on a 2D plane. 

𝝎𝟎𝒕 
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Phase accounts for anticipation or delay in the cycle 

0 𝜋 2𝜋 3𝜋 4𝜋 
𝐕𝟏 𝐭 = 𝐕𝐦 𝐜𝐨𝐬 (𝝎𝟎𝒕) 

𝐕𝟐 𝐭 = 𝐕𝐦 𝐜𝐨𝐬 (𝝎𝟎𝒕 − 𝜽𝟐) 𝐕𝟑 𝐭 = 𝐕𝐦 𝐜𝐨𝐬 (𝝎𝟎𝒕 + 𝜽𝟑) 

𝚫 𝒕𝟑 = 𝜽𝟑/𝝎𝟎  𝚫 𝒕𝟐 = 𝜽𝟐/𝝎𝟎  

𝝎𝟎𝒕 
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Phasor representation 
 

A time-harmonic co-sinusoidal function of known 
frequency can simply be represented by a pair of 
values: Amplitude and Phase, which identify a number 
in the complex plane  

𝒗 𝒕 = 𝑽𝐦 𝐜𝐨𝐬 (𝝎𝟎𝒕 + 𝜽𝐯) 
Representation in 
the time-domain 

Phasor representation in 
the frequency domain 

𝐕 = 𝑽𝐦∠𝜽𝐯 

𝐕 = 𝑽𝐦𝒆
𝐣𝜽𝐯  

or, equivalently: 
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Examples 
 

Find the amplitude and phase values to represent in 
phasor form: 

𝒊 𝒕 = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 + 𝟑𝟎°) 
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Examples 
 

Find the amplitude and phase values to represent in 
phasor form: 

𝒊 𝒕 = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 + 𝟑𝟎°) 

𝑰 = 𝟓∠𝟑𝟎° Phasor form 

In radians: 𝟑𝟎° ×
𝝅

𝟏𝟖𝟎°
=
𝝅

𝟔
 

𝑰 = 𝟓∠𝝅 𝟔  
(radians) 

𝑰 = 𝟓𝒆𝐣𝝅 𝟔  
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Examples 
 

Find the amplitude and phase values to represent in 
phasor form: 

𝒊 𝒕 = 𝟓 𝐬𝐢𝐧 (𝟏𝟎𝟎𝟎𝒕 + 𝟑𝟎°) 

𝑰 = 𝟓∠ − 𝟔𝟎° Phasor form 

𝑰 = 𝟓∠ − 𝝅 𝟑  

We need to transform sine into cosine:  𝐬𝐢𝐧 𝝓 = 𝒄𝒐𝒔(𝝓 − 𝟗𝟎°) 

𝒊 𝒕 = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 + 𝟑𝟎° − 𝟗𝟎°) 
         = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 − 𝟔𝟎°) 

(radians) 
𝑰 = 𝟓𝒆−𝐣𝝅 𝟑  
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Examples 
 

Find the cosine signal at frequency 𝝎𝟎 = 𝟏𝟎𝟎𝟎 𝐫𝐚𝐝 𝐬  
represented by the phasor 𝐕 = 𝐣𝟓: 

𝐕 = 𝐣𝟓 = 𝟓 𝐞𝐣𝟗𝟎° = 𝟓 𝐞𝐣 
𝝅
𝟐  

 

= 𝟓 ∠𝟗𝟎° = 𝟓∠𝝅 𝟐  

𝒗 𝒕 = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 + 𝟗𝟎°) 
         = 𝟓 𝐜𝐨𝐬 (𝟏𝟎𝟎𝟎𝒕 + 𝝅 𝟐 ) 
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Suppose you need to add two time-harmonic functions 

𝒗𝟏 𝒕 = 𝑨𝟏 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽𝟏) 

𝒗𝟐 𝒕 = 𝑨𝟐 𝐜𝐨𝐬 (𝝎𝒕 + 𝜽𝟐) 

With trigonometry you have to use cumbersome 
formulas like: 

𝐜𝐨𝐬 𝐗 + 𝐜𝐨𝐬 𝐘 = 𝟐 𝐜𝐨𝐬
𝑿 + 𝒀

𝟐
𝐜𝐨𝐬

𝑿 − 𝒀

𝟐
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In phasor form: 

𝒗𝟏 𝒕 = 𝑨𝟏 𝐜𝐨𝐬 𝝎𝒕 + 𝜽𝟏 = ℜ𝒆 𝑨𝟏𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽𝟏   

   𝐕𝟏 = 𝑨𝟏𝐞𝐱𝐩  𝐣𝜽𝟏 = 𝑨𝟏∠𝜽𝟏 

ℜ𝑒 

ℑ𝑚 

𝑨𝟏∠𝜽𝟏 

Vector addition 
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In phasor form: 

𝒗𝟏 𝒕 = 𝑨𝟏 𝐜𝐨𝐬 𝝎𝒕 + 𝜽𝟏 = ℜ𝒆 𝑨𝟏𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽𝟏   

   𝐕𝟏 = 𝑨𝟏𝐞𝐱𝐩  𝐣𝜽𝟏 = 𝑨𝟏∠𝜽𝟏 

𝒗𝟐 𝒕 = 𝑨𝟐 𝐜𝐨𝐬 𝝎𝒕 + 𝜽𝟐 = ℜ𝒆 𝑨𝟐𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽𝟐   

   𝐕𝟐 = 𝑨𝟐𝐞𝐱𝐩  𝐣𝜽𝟐 = 𝑨𝟐∠𝜽𝟐 

ℜ𝑒 

ℑ𝑚 

𝑨𝟏∠𝜽𝟏 

𝑨𝟐∠𝜽𝟐 

Vector addition 
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In phasor form: 

𝒗𝟏 𝒕 = 𝑨𝟏 𝐜𝐨𝐬 𝝎𝒕 + 𝜽𝟏 = ℜ𝒆 𝑨𝟏𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽𝟏   

   𝐕𝟏 = 𝑨𝟏𝐞𝐱𝐩  𝐣𝜽𝟏 = 𝑨𝟏∠𝜽𝟏 

𝒗𝟐 𝒕 = 𝑨𝟐 𝐜𝐨𝐬 𝝎𝒕 + 𝜽𝟐 = ℜ𝒆 𝑨𝟐𝐞𝐱𝐩  𝐣𝝎𝒕 + 𝐣𝜽𝟐   

  𝐕𝟏 + 𝐕𝟐 = 𝑨𝟏𝐞𝐱𝐩  𝐣𝜽𝟏 + 𝑨𝟐𝐞𝐱𝐩  𝐣𝜽𝟐  𝒗𝟏 𝒕 + 𝒗𝟐(𝒕) 

   𝐕𝟐 = 𝑨𝟐𝐞𝐱𝐩  𝐣𝜽𝟐 = 𝑨𝟐∠𝜽𝟐 

ℜ𝑒 

ℑ𝑚 

𝑨𝟏∠𝜽𝟏 

𝑨𝟏∠𝜽𝟏 + 𝑨𝟐∠𝜽𝟐 

𝑨𝟐∠𝜽𝟐 

Vector addition 

CAUTION:   is a “transformation” NOT an “equality”! 
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Example – Express the following in its phasor form: 

𝒗 𝒕 = 𝟐 𝟐 𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
+ 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
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Example – Express the following in its phasor form: 

𝒗 𝒕 = 𝟐 𝟐 𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
+ 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
 

   𝐕𝟏 = 𝟐 𝟐 ∠ −
𝝅

𝟒
= 𝟐 𝟐 𝒆−𝒋

𝝅

𝟒 

 

= 𝟐 𝟐 𝐜𝐨𝐬
𝝅

𝟒
− 𝐣𝐬𝐢𝐧

𝝅

𝟒
 

𝒗𝟏 𝒕 = 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
−
𝝅

𝟐
 

First term: 

𝒗𝟏 𝒕 = 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −
𝝅

𝟒
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Example – Express the following in its phasor form: 

𝒗 𝒕 = 𝟐 𝟐 𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
+ 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
 

Second  term: 

𝒗𝟐 𝒕 = 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
 

𝐕𝟏 = 𝟐 𝟐 ∠
𝝅

𝟒
= 𝟐 𝟐 𝒆𝐣 

𝝅
𝟒  

 

= 𝟐 𝟐 𝐜𝐨𝐬
𝝅

𝟒
+ 𝐣𝐬𝐢𝐧

𝝅

𝟒
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Example – Express the following in its phasor form: 

𝒗 𝒕 = 𝟐 𝟐 𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 +
𝝅

𝟒
+ 𝟐 𝟐 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
 

𝐕 = 𝐕𝟏 + 𝐕𝟐 = 𝟐 𝟐 𝐜𝐨𝐬
𝝅

𝟒
− 𝐣𝐬𝐢𝐧

𝝅

𝟒
+ 𝟐 𝟐 𝐜𝐨𝐬

𝝅

𝟒
+ 𝐣𝐬𝐢𝐧

𝝅

𝟒
 

 
 

= 𝟐 𝟐 𝟐 𝐜𝐨𝐬
𝝅

𝟒
= 𝟐 𝟐 𝟐 𝟐 𝟐 = 𝟒∠𝟎° 

𝒗 𝒕 = 𝟒 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕  [𝐕]  

Combine the results: 
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 

𝒊𝑺 = 𝒊𝑹 𝒕 + 𝒊𝑪 𝒕 =
𝒗(𝒕)

𝑹
+ 𝑪

𝒅 𝒗(𝒕)

𝒅𝒕
 KCL 
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

=
𝟏𝟎

𝟏 × 𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
− 𝟏𝟎−𝟑

𝟏𝟎𝟒

𝟐
𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 

𝒊𝑺 = 𝒊𝑹 𝒕 + 𝒊𝑪 𝒕 =
𝒗(𝒕)

𝑹
+ 𝑪

𝒅 𝒗(𝒕)

𝒅𝒕
 KCL 
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

=
𝟏𝟎

𝟏 × 𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
− 𝟏𝟎−𝟑

𝟏𝟎𝟒

𝟐
𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 

𝒊𝑺 = 𝒊𝑹 𝒕 + 𝒊𝑪 𝒕 =
𝒗(𝒕)

𝑹
+ 𝑪

𝒅 𝒗(𝒕)

𝒅𝒕
 KCL 

=
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
−
𝟏𝟎

𝟐
𝐬𝐢𝐧 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

=
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
+
𝟏𝟎

𝟐
𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 

𝒊𝑺(𝒕) =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
+
𝟏𝟎

𝟐
𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 +

𝝅

𝟒
 

𝐈𝑺 =
𝟏𝟎

𝟐
∠ −

𝝅

𝟒
+
𝟏𝟎

𝟐
∠
𝝅

𝟒
 

 

=
𝟏𝟎

𝟐
𝐞𝐱𝐩 −𝒋

𝝅

𝟒
+
𝟏𝟎

𝟐
𝐞𝐱𝐩(𝒋

𝝅

𝟒
) 

Phasor form 
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RC Circuit Example with time-harmonic forcing term  

𝒗 𝒕 =
𝟏𝟎

𝟐
 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕 −

𝝅

𝟒
 

+ 
_ 

𝒗 𝒕  

𝒊𝑺 𝒕  

Find 𝒊𝑺 𝒕  when 𝒗 𝒕  is  
measured as: 

𝑹 𝑪 

𝒊𝑹(𝒕) 

𝑹 = 𝟏𝛀 𝑪 = 𝟏𝐦𝐅 

𝒊𝑪(𝒕) 

𝐈𝑺 =
𝟏𝟎

𝟐
𝐞𝐱𝐩 −𝒋

𝝅

𝟒
+
𝟏𝟎

𝟐
𝐞𝐱𝐩(𝒋

𝝅

𝟒
) 

 

=
𝟏𝟎

𝟐
𝐜𝐨𝐬

𝝅

𝟒
− 𝐣𝐬𝐢𝐧

𝝅

𝟒
+ 𝐜𝐨𝐬

𝝅

𝟒
+ 𝐣𝐬𝐢𝐧

𝝅

𝟒
 

𝐈𝑺 =
𝟏𝟎

𝟐
𝟐

𝟐

𝟐
= 𝟏𝟎∠𝟎°   𝒊𝑺 𝒕 = 𝟏𝟎 𝐜𝐨𝐬 𝟏𝟎𝟎𝟎𝒕  [𝐀] 


