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Lecture 19 — Summary

Learning Objectives

1. Phasor representation of circuit problems in
sinusoidal regime



Suppose you need to add two time-harmonic functions
v1(t) = A1 cos (wt+ 64)

vy (t) = A, cos (wt + 65)

With trigonometry you have to use cumbersome
formulas like:

X+Y X—-Y
cos X cosY=2cos( > )cos( 5 )




In phasor form:
v41(t) = A1 cos (wt + 01) = Rel[Ajexp(jwt +jO,) |
< Vy =Aqexp(jOq) = A14£64
v,(t) = A, cos (wt + 0,) = Rel|A,exp(jwt +jO,) |
o V, = A,exp(jo,) = 4,20,
v1(t) + v,(t) © Vi +V, = A1exp(jOq) + Aexp(jOy)

CAUTION: & is a “transformation” NOT an “equality”!

Im 4
A1201+ A,20,

Vector addition




Example — Express the following in its phasor form:

v(t) = 2v2 sin (1000t + g) +2V2 cos (1000t + g)

First term:
T T
v1(£) = 22 cos (1000t - E)

T
v,(t) = 2\/2 cos (1000t — Z)

V1=Z\/EL—§:2\/E€—]'Z

=22 (cos% — Jsin %)



Example — Express the following in its phasor form:

v(t) = 2v2 sin (1000t + g) +2V2 cos (1000t + g)

Second term:

'[3
v, (t) = 2V2 cos (1000t + Z)

T . TC
Vz=2\/fAZ:2\/§el4

=22 (cos% + jsin %)



Example — Express the following in its phasor form:

v(t) = 2v2 sin (1000t + g) +2V2 cos (1000t + g)

Combine the results:

V=V;+V, = Zﬁ(cosg—jfﬁé) + Zﬁ(cosg+js}{%{)

= 22 (2 cosg) = 2v2(2V2/2) = 420°

— > v(t) = 4 cos(1000¢t) [V]
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RC Circuit Example with time-harmonic forcing term

v(t
E ) Find i(t) when v(t) is
iR(t)l iC(t)l measured as:
_ + 10 T
(D) f P ¢~ v®)= 7 O3 (1000t _ Z)
R =10 C = 1mF
v(t dv(t
@] is = in(®) +ic(t) = 22 + ¢ T
10 T 104 T
= 1000t — —) — 1073 —sin (1000t — —
" cos (1000 - 3) - sin (1000 - 5)
0
= (1000t _ —) _ \/—Esm (1000t _ —)
10 . (1000t ) 19 (1000t + )
= — ——])+—cos
\/E V2 )



RC Circuit Example with time-harmonic forcing term

vgt) Find i(t) when v(t) is
iR(t)l iC(t)l measured as:
- C * t) = (1000t - E)
ig(t) T) R - v(t) = 7 cos 1
R=1Q C = 1mF

is(t) = 10 cos (1000t - E) + 20 cos (1000t + Z)

V2 4/ 2
l 104 n+1041t
Phasor form = — 4L —— 1T —4L—
STV2T 4 Yz 4

10 (_Tl’)+10 (]Tl')
= —€exp\|\—J— —€X —
vz P\ T F Py
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RC Circuit Example with time-harmonic forcing term

v(t) .
N Find i(t) when v(t) is
lR(t)l iC(t)l measured as:
+ 10 T
t) =— 1000t — —
R C - v(t) 73 cos( 4)
R=1Q C = 1mF

10
V2

[ — 10 T 10 T
s = 7 oXP (_]Z) +ﬁexp(lz)

10( T Lo + Tl'+__ )
\/ECOS‘I' % COS4 %

(2 \/Z—E) =102£0°< ig(t) = 10 cos(1000t) [A]
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NOTE: These two angles have the same tangent

On a typical calculator,
the tan~! operation
gives an answer in the
range

tan 8, = tan 0,

12



Computer languages (and more advanced calculators)
give the option of two different ranges for the
arctangent operation

atan(y/x) atan2(y, x)
[ = ”] [T, 7]
22 ifx=20
. y>0

T
atan2(y) = )

y<O0

A A

T
atan2(y) = —5

13



In circuits we consider the ratio between voltage
and current phasors (called the impedance).

The real part of the impedance is the resistance,
which is always positive in RLC circuits.

The angle between voltage and
current in the complex plane is
normally in the range

72

>

‘Re
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Time differentiation is greatly simplified with phasors.

Consider the time-dependent voltage

V(t) =V, cos(wt + 0)

with phasor l' /

V ="V exp(jf)

We wish to find the phasor representation for

av(t) = d V t+ 0
el cos(w )

15



V) _ 4y cos(wt + 6)
dt _dt o COS\W

Phasor Transform for the Derivative

dV (t)
dt

TIME DERIVATIVE

& jwVyexp(jo) =jw V

PHASOR

PHASOR
TRANSFORM



dV(t d
PROOF (t) = —V, cos(wt + 0)

dt dt

= —wV, sin(wt + 0)
= —wVycos(wt+60 —1m/2)
= Re{—wVyexp(jot +jO —jm/2)}
= Re{—wV, exp(jwt) exp(jO) exp( —jm/2)}
= Re{—(—jwVo exp(jwt) exp(jO)}
= Re{jw Vo exp(jO) exp(jwt)}

\\ J

dv(t T ~
d(t) < jwlVoexp(jO) =jo V

PHASOR
TIME DERIVATIVE

PHASOR
TRANSFORM v



Consider the RC circuit again

R

+

ve(t) +> Q —— v(t)
i(t) o

vs(t) =V, cos(wt + 0)

The voltage across the capacitor has the form
v.(t) =V, cos(wt + 0,,)

(same frequency but magnitude and phase change)

18



Consider the RC circuit again

R

+

ve(t) +> Q —— v(t)
i(t) o

vs(t) =V, cos(wt + 0)

Current i(t) is given by

_ dvc(t) d
i(t)=C ke C 7 V.,cos(wt + 0,)

19



v.(t) =V, cos(wt + 0,)

de(t) d
i(t)=C =C — V,,cos(wt
(®) dt dt " (
Voltage phasor across the capacitor
V =V,40,

Current phasor across the capacitor
I =joCV,20,

Impedance of the capacitor

V 1 1

T jwC FoC

20



Resistor

V

ZR:I

=R

Impedance of resistor

V,,20,

I =
R

Current and voltage are in phase
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Current and voltage are in phase in a resistor

1/
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Impedance of Capacitor




Capacitor 1/jwC

| |
| |
VmABthP >T

- V.,20,
I = T = jwCV .20, = wCV,_,,£(0,+1/2)
TC
6; =0, + = =1 4“
| D 2 ] T 2

Current LEADS voltage by 90° 24



Pure capacitive reactance: current LEADS voltage by 90°

— — 1 _
V =Z1 = —) |
RY/( ](l)c

25



Current LEADS voltage by 90°
(it reaches peak value earlier)

v(t) 10

Waveforms are in “quadrature”




Total reactance is capacitive: current LEADS voltage

. _ ~ 1 _
V =Z1 = RI —j I
]wC




Current LEADS voltage
(it reaches peak value earlier)

-

‘U(t) 10

vV

/

But waveforms are NOT in “quadrature”
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Impedance of Inductor

V
L _
—>
|
di;(t ~ ~
v(t) =1L C’ii ) < V=jwll
Vv Vv,,z0,
= — = = iwl
‘=7 1.0, % §




Inductor
V,,20,
7 V.20, B
— oL —
0 0 il
| (Y 2

I

V’"Ae /2

wlL (v_n )
1=1- *
J = 2

Current LAGS voltage by 90°
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Pure inductive reactance: current LAGS voltage by 90°

~

V=ZI =joLT

jwlL

=~




Current LAGS voltage by 90°
(it reaches peak value later)

i(t)

v(t) 10

Waveforms are in “quadrature”
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Total reactance is inductive: current LAGS voltage

V=ZI =RI +jwLT

jwL
V.20, j) )T %R
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Current LAGS voltage
(it reaches peak value later)

v(t)

N~

But waveforms are NOT in “quadrature”
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Example of Phasor Analysis

Determine i(1)

i(t) 10

vs(t) = 10 cos(3t)

w = 3rad/s

—V/\V\

vs(t) i)

3Q)

1H

jwL =jJX 3 X 1H =j3 Q)
1/jwC =—-j/(3x1/9F) =—j3

Q

35



Phasor form

vs(t) = 10 cos(3t)

N Z, w = 3rad/s
I 10
<VAVAY
g
30 z,
Vs = 1040°<i> Z1< -3
\]3
Z,=3+j3Q "
Z,=—-j3Q Z3=121//Z, .



1 1\ "
Zs=Z1//Zz=( : : )

(=i +3+3\ [ 3\
- (—j3(3 +® - (9 — j9) = (3713

Zog=Z4+Z1//Zy=1+3—j3 = (4—j3)Q

Vs  1020°
Zeq (4‘ o ]3)

=~
|

37




_ Vs 1020°
I = = — A
Zeq (4‘_]3)
- _ 10(4 +j3) 40 +j30
" (4-j3)(4+ij3) 16+9—j1Z2 +j1Z
T—4O+w0—16+12A
= 25 = 1. J1.

IT|=v1.62+1.22=vV4=2A

AT=0,:tan‘1(

1.

I =2,36.87°A

<~

) = 0.6435rad = 36.87°

< | i(t) =2cos(3t+36.87°)A | -




|

\\V

|

/

-5 \
-10

\

i(t) =2cos(3t+36.87°)A .



