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Lecture 33 – Summary 

Learning Objectives 

1. Frequency Response of Circuits 

2. Low-Pass Passive Filters 
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Quiz 4 Reminder 

• April 22-24 (next week) 
 

• 5 Questions: 

– BJT Analysis 

• 2 Questions on n-p-n 

• 1 Question on p-n-p 

– 1 Question on boolean expression reduction 

– 1 Question on BJT logic circuits 

• Covering from Lectures 24 to Lecture 32 
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From Lecture 30 
𝐀 + 𝐁 𝐀𝐁  

𝑽𝑪𝑪 ≈ 𝟓𝐕 OUTPUT: LED LIGHT with 
integrated current limiting 
resistor 

XOR circuit realization with BJT 

http://sullystationtechnologies.com/npnxorgate.html  

NAND 

AND 

OR 

http://sullystationtechnologies.com/npnxorgate.html
http://sullystationtechnologies.com/npnxorgate.html
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𝑽𝑨 

𝑽𝟎 

𝑹𝑪 

𝑹𝑩𝟏 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪  

𝑹𝑩𝟐 

𝑽𝑩 

AND 

𝑽𝑨 

𝑽𝟎 

𝑹𝑪 

𝑹𝑩𝟏 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪  

𝑹𝑩𝟐 

𝑽𝑩 

NAND 

Minimal implementation 
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𝑽𝑩𝑬 𝐎𝐍 ≈ 𝟎. 𝟔 𝐕 

𝑽𝑪𝑬 𝐬𝐚𝐭 ≈ 𝟎. 𝟑 𝐕 

Pick: 𝜷 = 𝟏𝟎𝟎 

𝑽𝑨 

𝑽𝟎 

𝑹𝑪 = 𝟏𝐤𝛀 

𝑹𝑩𝟏 = 𝟏𝟎𝐤𝛀 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟓𝐕 

𝑹𝑩𝟐 = 𝟏𝟎𝐤𝛀 

𝑽𝑩 

AND 

General Purpose PN2222A BJT 
𝜷 ≈ 𝟏𝟎𝟎  𝐭𝐨  𝟑𝟎𝟎  



𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟓𝐕 

𝑽𝟎 = 𝑰𝑩𝑹𝑪 
≈ 𝟎. 𝟒𝑽 

𝑹𝑪 
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𝑽𝑩𝑬 𝐎𝐍 ≈ 𝟎. 𝟔 𝐕 

𝑽𝑪𝑬 𝐬𝐚𝐭 ≈ 𝟎. 𝟑 𝐕 
𝜷 = 𝟏𝟎𝟎 Two transistors in series 

𝑽𝟎 = 𝟎𝐕 

𝑹𝑪 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟓𝐕 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟓𝐕 

𝑽𝟎 ≈ 𝟒. 𝟒𝐕 

𝑹𝑪 

𝑽𝑨 = 𝑽𝑩 = 𝟎𝐕 𝑽𝑨 = 𝑽𝑩 = 𝟓𝐕 
𝑽𝑨 = 𝟎𝐕    

𝑽𝑩 = 𝟓𝐕 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟓𝐕 

𝑽𝟎 = 𝟎𝐕 

𝑹𝑪 

𝑽𝑨 = 𝟓𝐕 

𝑽𝑩 = 𝟎𝐕    

Both OFF 
No path to 
ground for 
current in 
base-emitter 
junction of Q1  

Base-emitter 
junction is 
conducting 

𝟎. 𝟒𝐦𝐀 
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Another Example 

𝑽𝑨 

𝑹𝑪𝟏 

𝑹𝑩𝟏 

𝐐𝟏 

𝐐𝟐 

+𝑽𝑪𝑪 = 𝟏𝟎𝐕 

𝑹𝑩𝟐 

𝑽𝑩 

𝑽𝑪 

𝑹𝑪𝟐 

𝑹𝑩𝟑 

𝐐𝟑 𝐐𝟒 
𝑹𝑩𝟒 

𝑽𝟎 NAND 

NOR 

+𝑽𝑪𝑪 = 𝟏𝟎𝐕 

𝐘 = 𝐀𝐁 + 𝐂  
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𝐘 = 𝐀𝐁 + 𝐂  

A B C Y 

0 0 0 0 

0 0 1 0 

0 1 0 0 

0 1 1 0 

1 0 0 0 

1 0 1 0 

1 1 0 1 

1 1 1 0 
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𝐘 = 𝐀𝐁 + 𝐂  

𝐘 = 𝐀𝐁𝐂  

What if we transform the circuit? 

Using De Morgan’s theorem 

NOT = 1 BJT 

One 3-inputs NAND = 3 BJT’s 
NOT to obtain AND = 1 BJT 

TOTAL = 5 BJT’s 

TOTAL = 4 BJT’s 

NAND = 2 BJT’s 

NOR = 2 BJT’s 

NOT = 1 BJT 
Two 2-inputs NAND’s = 4 BJT’s 
Two NOT’s to obtain AND’s = 2 BJT 

TOTAL = 7 BJT’s 



Frequency response of circuits 

11 
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Frequency response 
Until now we have considered the following forms of circuit 
excitation: 

• Constant source (voltage or current) 

• Sinusoidal source (voltage or current)    

𝒕 

𝑲 

𝒕 

𝑽𝒎 

𝑽 𝒕 = 𝑲 [𝐕] 

𝑽 𝒕 = 𝑽𝒎𝒄𝒐𝒔(𝝎𝟎𝒕 + 𝜽𝑽) [𝐕] 
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• Constant source (voltage or current) 

 It can be interpreted as a signal with zero frequency 

𝒕 

𝑲 
𝑽 𝒕 = 𝑲 [𝐕] 

𝑽 𝒕 = 𝑲 𝐕 = 𝑲 𝒄𝒐𝒔(𝟎𝒕)  

𝝎 = 𝟎  𝐫𝐚𝐝 𝐬  
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• Sinusoidal source (voltage or current)    

𝒕 

𝑽𝒎 
𝑽 𝒕 = 𝑽𝒎𝒄𝒐𝒔(𝝎𝟎𝒕 + 𝜽𝑽) [𝐕] 

 This is a signal with a single frequency component 𝒇𝟎 

𝑽 𝒕 = 𝑽𝒎 𝐜𝐨𝐬(𝝎𝟎𝒕 + 𝜽𝑽)  

𝝎 = 𝟐𝝅 𝒇𝟎   𝐫𝐚𝐝 𝐬  

𝜽𝑽 =
𝝅

𝟒
  𝐫𝐚𝐝 
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Representation in the frequency domain 

𝝎 

𝑲 

𝑽 𝒕 = 𝑽𝒎 𝐜𝐨𝐬(𝝎𝟎𝒕 + 𝝅 𝟒 ) 

𝑽 𝒕 = 𝑲 

𝝎 
𝜽𝑽 

𝝎 

𝑽𝒎 

𝝎 

𝝅 𝟒  

𝑽 

𝟐𝝅𝒇𝟎 

𝟐𝝅𝒇𝟎 

𝑽 
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𝒕 

𝑽 

Signal with several 
frequencies 

𝒕 

𝟏. 𝟖𝟑 

𝑽 

𝟎. 𝟖𝟏 

𝑽 𝒕 = 𝐜𝐨𝐬 𝝎𝟎𝒕 +
𝟏

𝟐
𝐜𝐨𝐬 𝟐𝝎𝟎𝒕 +

𝟏

𝟑
𝐜𝐨𝐬 𝟑𝝎𝟎𝒕  
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𝒕 

𝟏. 𝟖𝟑 

𝑽 𝒕 = 𝐜𝐨𝐬 𝝎𝟎𝒕 +
𝟏

𝟐
𝐜𝐨𝐬 𝟐𝝎𝟎𝒕 +

𝟏

𝟑
𝐜𝐨𝐬 𝟑𝝎𝟎𝒕  

𝒕 

𝑽 

𝑽 

𝟎. 𝟖𝟏 

Signal with several 
frequencies 

𝟎. 𝟑  

A B C 

A 
A B 

A B C + + 

+ 
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𝝎 

𝟏. 𝟎 

𝑽 

𝟐𝝅𝒇𝟎 𝟒𝝅𝒇𝟎 𝟔𝝅𝒇𝟎 

𝟎. 𝟓 
𝟎. 𝟑  

𝒕 

𝟏. 𝟖𝟑 

𝑽 

𝟎. 𝟖𝟏 

𝑽 𝒕 = 𝐜𝐨𝐬 𝝎𝟎𝒕 +
𝟏

𝟐
𝐜𝐨𝐬 𝟐𝝎𝟎𝒕 +

𝟏

𝟑
𝐜𝐨𝐬 𝟑𝝎𝟎𝒕  Signal with several 

frequencies 

Phase is zero for all components 
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𝝎 

𝟏. 𝟎 

𝑽 

𝟐𝝅𝒇𝟎 𝟒𝝅𝒇𝟎 𝟔𝝅𝒇𝟎 

𝟎. 𝟓 
𝟎. 𝟑  

𝒕 

𝟏. 𝟒𝟏𝟕 

𝑽 

−𝟏. 𝟒𝟎𝟕 

𝑽 𝒕 = 𝐜𝐨𝐬 𝝎𝟎𝒕 +
𝟏

𝟐
𝐜𝐨𝐬 𝟐𝝎𝟎𝒕 +

𝝅

𝟑
+
𝟏

𝟑
𝐜𝐨𝐬 𝟑𝝎𝟎𝒕 −

𝝅

𝟑
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𝝎 

𝝅

𝟑
 

𝜽𝑽 

𝟐𝝅𝒇𝟎 𝟒𝝅𝒇𝟎 𝟔𝝅𝒇𝟎 
𝟎 

−
𝝅

𝟑
 

𝒕 

𝟏. 𝟒𝟏𝟕 

𝑽 

−𝟏. 𝟒𝟎𝟕 

𝑽 𝒕 = 𝐜𝐨𝐬 𝝎𝟎𝒕 +
𝟏

𝟐
𝐜𝐨𝐬 𝟐𝝎𝟎𝒕 +

𝝅

𝟑
+
𝟏

𝟑
𝐜𝐨𝐬 𝟑𝝎𝟎𝒕 −

𝝅

𝟑
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Ten seconds of music and its frequency “spectrum” 

Excerpt from: Dmitri Shostakovich, Concerto No.1 for piano, trumpet and strings in C minor, Op. 35 (ORFEO - C220011) 
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Fourier transform  
Converts a time domain signal 𝑽(𝒕) to a frequency domain signal 𝐕 (𝝎) 

𝐕 𝝎 =  𝑽(𝒕)

∞

−∞

𝒆−𝐣𝝎𝒕 𝒅𝒕 

𝑽 𝒕 =
𝟏

𝟐𝝅
 𝑽 (𝝎)

∞

−∞

𝒆𝐣𝝎𝒕 𝒅𝝎 

Anti-Transform 

In general, the Fourier Transform is a complex function 
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Filter 
A circuit which manipulates a signal, typically by changing the relative 
amplitudes of the frequency components.   

V 𝑖𝑛 𝜔  V 𝑜𝑢𝑡 𝜔  FILTER 

+ + 

We will consider filters (systems) which are “single-input” and “single-output,” 
consisting of “linear” and “time-invariant” circuits.  
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Transfer Function 
The relationship linking the frequency-dependent input and output  

𝐕 𝒐𝒖𝒕 𝝎 = 𝐇 𝝎  𝑽 𝒊𝒏 𝝎  

𝐇 𝝎 =
𝑽 𝒐𝒖𝒕 𝝎

𝑽 𝒊𝒏 𝝎
= 𝐇(𝝎)  ∠𝜽(𝝎) 

Transfer 
Function 

Magnitude 
Response 

Phase 
Response 
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1 – Voltage Divider 

𝐕 𝒐𝒖𝒕 𝝎 =
𝟏

𝟐
𝑽 𝒊𝒏 𝝎  

𝐇 𝝎 = 𝐇(𝝎) =
𝟏

𝟐
 

Transfer Function 

The voltage divider is a very simple filter 

V 𝑖𝑛 𝜔  V 𝑜𝑢𝑡 𝜔  

𝑹 

𝑹 

𝝎 

𝟏 

𝟎. 𝟓 

 𝐇 𝝎   

This circuit works as 
an “attenuator” 
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Behavior of Reactive Circuit Elements 

𝒁𝑪 𝝎 =
𝟏

𝒋𝝎𝑪
 Capacitor 

𝑪 

𝝎 

𝒁𝑪  
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Behavior of Reactive Circuit Elements 

𝒁𝑳 𝝎 = 𝐣𝝎𝑳 
Inductor 

𝑳 

𝝎 

𝒁𝑳  
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2 – Low Pass RC filter 

RC filter 
(1st order) 

𝑉𝑖𝑛 𝑉𝑜𝑢𝑡 

𝑹 

𝑪 

V 𝑖𝑛 𝜔  V 𝑜𝑢𝑡 𝜔  

𝑹 

−
𝐣

𝝎𝑪
 

PHASORS 
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V 𝑖𝑛 𝜔  V 𝑜𝑢𝑡 𝜔  

𝑹 

𝟏

𝐣𝝎𝑪
 

𝐕 𝒊𝒏 𝝎 = 𝐕𝑰 ∠𝟎° 

Let the input be a phasor of the form 

𝐕 𝒐𝒖𝒕 𝝎 = 𝐕𝑰 ∠𝟎°
𝟏 𝐣𝝎𝑪 

𝑹 + 𝟏 𝐣𝝎𝑪 
= 𝐕𝑰 ∠𝟎°

𝟏

𝟏 + 𝐣𝝎𝑹𝑪
 

𝐕 𝒐𝒖𝒕 𝝎

𝐕 𝒊𝒏 𝝎
= 𝐇 𝝎 =

𝟏

𝟏 + 𝐣𝝎𝑹𝑪
 

𝐕 𝒊𝒏 𝝎  

Transfer Function 
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𝐇 𝝎 =
𝟏

𝟏 + 𝐣𝝎𝑹𝑪
 

𝐇 𝝎 =
𝟏

𝟏 + 𝐣𝝎𝑹𝑪
 

𝐇 𝝎 =
𝟏 − 𝐣𝝎𝑹𝑪

𝟏 + 𝐣𝝎𝑹𝑪 𝟏 − 𝐣𝝎𝑹𝑪
=

𝟏 − 𝐣𝝎𝑹𝑪

𝟏 + 𝝎𝑹𝑪 𝟐
 

𝐇 𝝎 =
𝟏

𝟏 + 𝝎𝑹𝑪 𝟐
 

Cartesian Form 

Magnitude 



31 

Magnitude of 𝑯(𝝎) for RC low-pass filter 

𝐇 𝝎 =
𝟏

𝟏 + 𝝎𝑹𝑪 𝟐
 

𝝎 

𝐇 𝝎  

𝟎 

𝟏 

𝟏

𝟐
≈ 𝟎. 𝟕𝟎𝟕 

𝝉 = 𝑹𝑪 𝝎𝑪 = 𝝉−𝟏 

Angular frequency at which power 𝑷 ∝ 𝑯 𝝎 𝟐 
rolls-off by 50% (-3dB) 

𝝎𝑪𝑹𝑪 = 𝟏 𝐇 𝝎𝑪 =
𝟏

𝟏 + 𝟏
=

𝟏

𝟐
= 𝟎. 𝟕𝟎𝟕 

𝝎𝑪 = 𝟐𝝅𝒇𝑪 



32 𝝎  [𝐫𝐚𝐝 𝐬 ]  

𝟐𝟎 𝐥𝐨𝐠𝟏𝟎
𝑽𝒐𝒖𝒕
𝑽𝒊𝒏

 

Bandwidth 

Pass Band Stop Band 

𝝎𝑪 = 𝟐𝝅𝒇𝑪 

−𝟐𝟎 𝐝𝐁 𝐝𝐞𝐜𝐚𝐝𝐞  

Cut-off frequency 

log-decibel representation – Bode Plot for magnitude 

NOTE: This plot is normalized  so that 𝝎𝑪 = 𝟏 

−𝟑𝐝𝐁 



The piano keyboard uses octaves 
(instead of decades) 

33 

32.7Hz 

440Hz 

261.63Hz 4186Hz 523.25Hz 1046.5Hz 2093Hz 130.81Hz 66.41Hz 

27.5Hz 
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Phase of 𝑯(𝝎) for RC low-pass filter 

∠𝐇 𝝎 = 𝐭𝐚𝐧−𝟏
ℑ𝑚 𝐇(𝝎)

ℜ𝑒 𝐇(𝝎)
= 𝐭𝐚𝐧−𝟏

−𝝎𝑹𝑪 𝟏 + 𝝎𝑹𝑪 𝟐 

𝟏 𝟏 + 𝝎𝑹𝑪 𝟐 
 

 

𝐇 𝝎 =
𝟏 − 𝐣𝝎𝑹𝑪

𝟏 + 𝐣𝝎𝑹𝑪 𝟏 − 𝐣𝝎𝑹𝑪
=

𝟏 − 𝐣𝝎𝑹𝑪

𝟏 + 𝝎𝑹𝑪 𝟐
 

∠𝐇 𝝎 = 𝐭𝐚𝐧−𝟏 −𝝎𝑹𝑪 = −𝐭𝐚𝐧−𝟏 𝝎𝑹𝑪  

When 𝝎 = 𝝎𝑪  we have  𝝎𝑪𝑹𝑪 = 𝟏 

∠𝐇 𝝎 = 𝐭𝐚𝐧−𝟏 −𝟏 = −
𝝅

𝟒
= −𝟒𝟓°  

Cartesian Form 
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Phase for RC low-pass filter 

Linear scale representation 

∠𝐇(𝝎) 

𝝎  [𝐫𝐚𝐝 𝐬 ]  

[𝐫𝐚𝐝]  

𝝎𝑪 = 𝟐𝝅𝒇𝑪 

−𝝅 𝟐  

−𝝅 𝟒  

𝟎 
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Phase for RC low-pass filter 

semi-log scale representation – Bode Plot for phase 

− 

− 

− 

−45 

° 

° 

° 

° 

° 

∠𝐇(𝝎) 

𝝎  [𝐫𝐚𝐝 𝐬 ]  

[𝐝𝐞𝐠]  

𝝎𝑪 = 𝟐𝝅𝒇𝑪 

NOTE: This plot is normalized  so that 𝝎𝑪 = 𝟏 
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Example - RC low-pass filter 𝝎𝟏  

Consider  𝑹 = 𝟐. 𝟓 𝐤𝛀  and  𝑪 = 𝟒𝟎𝟎 𝐧𝐅 

𝒇 = 𝟔𝟎𝐇𝐳 

𝝎𝟏𝑹𝑪 = 𝟐𝝅 × 𝟔𝟎 × 𝟐. 𝟓𝐤 × 𝟒𝟎𝟎 × 𝟏𝟎−𝟗 ≈ 𝟑𝟕𝟕. 𝟎 

𝐇 𝝎𝟏 =
𝟏

𝟏 + 𝝎𝟏𝑹𝑪
𝟐
= 𝟎. 𝟗𝟑𝟓𝟕 

𝝎𝟎 = 𝟏 (𝑹𝑪) = 𝟐. 𝟓𝐤 × 𝟒𝟎 × 𝟏𝟎−𝟗
−𝟏

= 𝟏𝟎𝟑  𝐫𝐚𝐝 𝐬  

𝝎𝟏 ≈ 𝟑𝟕𝟕 𝐫𝐚𝐝/𝐬 

𝐇 𝝎𝟏 𝐝𝐁 = 𝟐𝟎 𝐥𝐨𝐠𝟏𝟎 𝟎. 𝟗𝟑𝟓𝟕 = −𝟎. 𝟓𝟕𝟕𝟐 𝐝𝐁 
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Consider  𝑹 = 𝟐. 𝟓 𝐤𝛀  and  𝑪 = 𝟒𝟎𝟎 𝐧𝐅 

𝒇 = 𝟏𝟔𝟎𝐇𝐳 

𝝎𝟐𝑹𝑪 = 𝟐𝝅 × 𝟏𝟔𝟎 × 𝟐. 𝟓𝐤 × 𝟒𝟎𝟎 × 𝟏𝟎−𝟗 ≈ 𝟏. 𝟎 

𝐇 𝝎𝟐 =
𝟏

𝟏 + 𝝎𝟐𝑹𝑪
𝟐
= 𝟎. 𝟕𝟎𝟓𝟐 

𝝎𝟎 = 𝟏 (𝑹𝑪) = 𝟐. 𝟓𝐤 × 𝟒𝟎 × 𝟏𝟎−𝟗
−𝟏

= 𝟏𝟎𝟑  𝐫𝐚𝐝 𝐬  

𝝎𝟐 = 𝟏𝟎𝟎𝟓. 𝟑 𝐫𝐚𝐝/𝐬 

𝐇 𝝎𝟐 𝐝𝐁 = 𝟐𝟎 𝐥𝐨𝐠𝟏𝟎 𝟎. 𝟕𝟎𝟓𝟐 = −𝟑. 𝟎𝟑𝟑  𝐝𝐁 

Example - RC low-pass filter 𝝎𝟐  
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Consider  𝑹 = 𝟐. 𝟓 𝐤𝛀  and  𝑪 = 𝟒𝟎𝟎 𝐧𝐅 

𝒇 = 𝟏𝟔 𝐤𝐇𝐳 

𝝎𝟑𝑹𝑪 = 𝟐𝝅 × 𝟏𝟔𝐤 × 𝟐. 𝟓𝐤 × 𝟒𝟎𝟎 × 𝟏𝟎−𝟗 ≈ 𝟏. 𝟎 

𝐇 𝝎𝟑 =
𝟏

𝟏 + 𝝎𝟑𝑹𝑪
𝟐
= 𝟎. 𝟎𝟎𝟗𝟗 

𝝎𝟎 = 𝟏 (𝑹𝑪) = 𝟐. 𝟓𝐤 × 𝟒𝟎 × 𝟏𝟎−𝟗
−𝟏

= 𝟏𝟎𝟑  𝐫𝐚𝐝 𝐬  

𝝎𝟑 = 𝟏𝟎𝟎, 𝟓𝟑𝟎 𝐫𝐚𝐝/𝐬 

𝐇 𝝎𝟑 𝐝𝐁 = 𝟐𝟎 𝐥𝐨𝐠𝟏𝟎 𝟎. 𝟕𝟎𝟓𝟐 = −𝟒𝟎. 𝟎𝟒𝟔 𝐝𝐁 

Example - RC low-pass filter 𝝎𝟑  
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𝟐𝟎 𝐥𝐨𝐠𝟏𝟎
𝑽𝒐𝒖𝒕
𝑽𝒊𝒏

 

𝝎𝑪 = 𝟐𝝅𝒇𝑪 

𝝎𝟑 𝝎𝟐 𝝎𝟏 
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Other Low-Pass Passive filter configurations 

RC filter (2nd order) RL filter (1st  order) 

RLC filter (2nd order) RLC filter (2nd order) 


